
Hindawi Publishing Corporation
Journal of Control Science and Engineering
Volume 2007, Article ID 51841, 10 pages
doi:10.1155/2007/51841

Research Article
Robust Tracking Control of Mobile Robot Formation
with Obstacle Avoidance

Tiantian Yang,1 Zhiyuan Liu,1 Hong Chen,2 and Run Pei1

1 Department of Control Science and Engineering, Harbin Institute of Technology, 92 West Dazhi Street, Harbin 150001, China
2 Department of Control Science and Engineering, Jilin University, 2699 Qianjin Street, Changchun 130012, China

Received 30 March 2007; Accepted 28 June 2007

Recommended by Li Yu

We consider the formation control problem of multiple wheeled mobile robots with parametric uncertainties and actuator satu-
rations in the environment with obstacles. First, a nonconvex optimization problem is introduced to generate the collision-free
trajectory. If the robots tracking along the reference trajectory find themselves moving close to the obstacles, a new collision-free
trajectory is generated automatically by solving the optimization problem. Then, a distributed control scheme is proposed to keep
the robots tracking the reference trajectory. For each interacting robot, optimal control problem is generated. And in the frame-
work of LMI optimization, a distributed moving horizon control scheme is formulated as online solving each optimal control
problem at each sampling time. Moreover, closed-loop properties inclusive of stability and H∞ performance are discussed. Finally,
simulation is performed to highlight the effectiveness of the proposed control law.
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1. INTRODUCTION

Over the past decade, multirobot system has been intensively
studied, because the system can accomplish tasks that are too
difficult for a single robot to perform alone. For example,
in applications like exploration, surveillance, and tracking,
we want to control a team of robots to achieve better overall
performance. Formation control is a particularly active area
of multirobot system. This problem has been receiving much
attention from researchers working on cooperative robotics.
The recent review of multirobot formation control is sum-
marized in [1, 2].

Leader-follower strategy is the most studied formation
control strategy, which uses a hierarchical arrangement of
individual controllers. So, the problem of formation con-
trol is reduced to individual tracking problems[3–5]. A way
of introducing feedback from followers to a virtual leader
is presented in [6]. It discusses how to move a group of
mobile robots in formation via a virtual leader-follower
scheme. Similar to leader-follower strategy, a cyclic architec-
ture is formed by connecting individual robot controllers[7].
The difference is that the cyclic controller connections are
not hierarchical. In [8–10], a behavior-based approach is
presented. In this approach, the basic behaviors have been
assigned to the independent systems to form a guidance al-

gorithm. Then the controllers for achieving different objec-
tives are combined. A model independent coordination strat-
egy for multi-agent formation control is proposed in [11].
In [12], an adaptive formation control for distributed au-
tonomous mobile robot groups is presented. In [13], model
predictive control is applied to cooperative control of multi-
ple robots.

Obstacle avoidance and path planning are also funda-
mental problems in mobile robotics [14–19]. Planning mul-
tirobot motion with obstacle avoidance has a number of pe-
culiarities and difficulties that are related to necessity of tak-
ing into account not only possible obstacles in a working
space, but also movement of other robots. Mixed-integer lin-
ear programming (MILP) is a powerful tool for planning and
controlling problems because of its modeling capability and
the availability of good solvers. In [15], an iterative mixed-
integer linear programming algorithm is presented to solve
the trajectory generation problem with obstacle-avoidance
requirement and minimum-time trajectory generation prob-
lem. Another well-studied obstacle-avoidance algorithm is
potential field method, where an artificial potential function
depending on the obstacles is constructed [18, 19]. In [19],
an artificial potential function called navigation function is
proposed when the obstacles are represented by star-shaped
sets. This potential function has no local minima except the
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global minimum at the goal. Furthermore, it is continuously
differentiable and attains its maximum value at all the obsta-
cle boundaries.

Although formation control and obstacle avoidance are
particularly active areas, few approaches involve them si-
multaneously. In this paper, we suggest a robust formation
tracking scheme for a team of constrained wheeled mobile
robots (WMRs) in the environment with obstacles. Our first
main result is that the problem of finding the collision-free
trajectory for the robots can be formulated as a noncon-
vex optimization problem under general convex obstacle as-
sumption and solved using MILP method. Our second main
result concerns moving horizon formation control of multi-
ple mobile robots with parametric uncertainties and actuator
saturations. Under the proposed control scheme, the whole
optimization problem is decomposed into a family of sim-
ple optimization problems according to the number of co-
operative robots. Thus the computational complexity can be
reduced. In addition, closed-loop properties inclusive of sta-
bility and robustness are also guaranteed.

The rest of the paper is organized as follows. In Section 2,
we establish the model to describe the dynamics of the
WMR. In Section 3, a nonconvex optimization problem is
formulated for computation of collision-free movement of
multiple mobile robots. In Section 4, we first generate dis-
tributed optimal control problems for each interacting robot
whose dynamics and constraints are uncoupled. Then in
the framework of LMI optimization, a distributed moving
horizon H∞ control scheme is consequently formulated as
online solving each constrained optimization problem syn-
chronously at each sampling time. Closed-loop properties
inclusive of stability and robustness are discussed. Some sig-
nificant simulation results are presented to validate the theo-
retical analysis in Section 5.

2. DYNAMIC MODEL AND PROBLEM FORMULATION

In a team ofNa WMRs, the dynamics of the ith robot is given
by [21]

ξ̇i =

⎛
⎜⎜⎜⎜⎜⎝

ẋi
ẏi
φ̇i
v̇i
ω̇i

⎞
⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎝

vi cosφi
vi sinφi
ωi

β1iu1i

β2iu2i

⎞
⎟⎟⎟⎟⎟⎠

, i = 1, . . . ,Na, (1)

where β1i = 1/bimi, β2i = li/biIi in which bi, 2li, mi, and Ii
are the radius of the wheels, the length of the rear wheel axis,
the mass, and the moment of inertia of the platform, respec-
tively; (xi, yi,φi) are the position and orientation angle of the
mobile robot; (vi,ωi) are the linear velocity and angular ve-
locity. Due to the actuator saturations, the control inputs are
constrained as

∣∣uji
∣∣ ≤ uji,max, j = 1, 2. (2)

In this paper, it is assumed that the parameters β1i, β2i are
unknown but bounded, that is,

βji = βji + Δβji,
∣∣Δβji

∣∣ ≤ Δβji,max, j = 1, 2, (3)

where (β1i,β2i) are nominal values of the uncertain parame-
ters, Δβ1i,max and Δβ2i,max are bounds of the additive uncer-
tainties.

Let ξd = [xd, yd,φd, vd,ωd]T denote the desired trajectory
and let ud = [u1d,u2d]T be the corresponding control inputs.
Define the error vector as ei = [xi − xd, yi − yd,φi − φd, vi −
vd,ωi−ωd]T and uei = [u1i−u1d,u2i−u2d]T . Then the error
dynamics in the continuous-time domain is given in [21]. In
order to design the controller in the discrete-time domain,
the dynamics is discretized by replacing the time derivative
with the incremental ratio and using a zeroth order hold for
the control input with a sampling period T . The resulting
discrete linear parameter varying (LPV) system is as follows:

ei(k + 1) = Ai
(
θi
)
ei(k) + B2iuei(k) + B1iwi(k),

∣∣ujei(k)
∣∣ ≤ ujei,max, j = 1, 2,

(4)

where

Ai
(
θi
) =

⎛
⎜⎜⎜⎜⎜⎝

1 0 −Tvd sin
(
φd
)
T cos

(
φd + ei3

)
0

0 1 Tvd cos
(
φd
)

T sin
(
φd + ei3

)
0

0 0 1 0 T
0 0 0 1 0
0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎠

,

B2i =

⎛
⎜⎜⎜⎜⎜⎝

0 0
0 0
0 0

Tβ1i 0
0 Tβ2i

⎞
⎟⎟⎟⎟⎟⎠

, B1i =

⎛
⎜⎜⎜⎜⎜⎝

0
0
0

TΔβ1i,max

TΔβ2i,max

⎞
⎟⎟⎟⎟⎟⎠

,

(5)

in which θi = [vd,φd, ei3] are the time-varying parameters,
and wi is a description of uncertainties, that is, the paramet-
ric uncertainties are described as additive disturbance [21].

It is assumed that the LPV system matrix varies inside a
corresponding polytope Ωi whose vertices consist of L local
system matrices, that is,

Ai
(
θi(k)

) ∈ Ωi =
L∑

m=1

δi,mAi,m,

L∑

m=1

δi,m = 1, 0 ≤ δi,m ≤ 1.

(6)

Partitioning the state vector in terms of ei = [ηTi , σTi ]T

will be useful for notational reasons, in which ηi = [xi −
xd, yi − yd]T , σi = [φi − φd, vi − vd,ωi − ωd]T .

In this paper, we consider the robust formation track-
ing control problem for multiple constrained mobile robots
in the environment with obstacles. There are two problems
addressed as follows.

Problem 1 (obstacle-avoidance problem). If some obstacles
are inside the collision region, the system regenerates a new
reference trajectory to avoid collisions with static or moving
obstacles.

Problem 2 (formation tracking problem). The formation
tracking problem considered is typical, that is,

(i) the formation of the robots asymptotically con-
verges to the desired formation;
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(ii) the leader robot asymptotically tracks the reference
trajectory.

3. OBSTACLE AVOIDANCE

When a team of mobile robots move in the environment in
which there are some obstacles or threats, the robots have
to consider the problems of formation control and obstacle
avoidance simultaneously. Only when the robots are at safe
distance from the obstacles, they can take care of maintaining
the formation.

In this paper, it is assumed that a reference trajectory for
the leader robot is predefined in the absence of obstacles,
and the trajectory is exact and feasible, that is, it is an exact
solution to the dynamic model (1) and satisfies the control
constraints (2). If there are no obstacles or threats, the mo-
bile robots will move along the desired trajectory. Once the
robots find themselves moving close to the obstacles, they
will replan the motion with modification of the reference
trajectory to avoid the obstacles. A new collision-free trajec-
tory is generated. Then they will move along the new ref-
erence trajectory until they find another obstacle. Since one
of the goals is to keep the robots in a given formation, from
the planning point of view, we can treat the entire team as a
whole object. In the remainder of the section, we propose an
optimization problem to generate a collision-free trajectory
for the robots in the presence of obstacles.

Here, the obstacle is represented by a convex set, denoted
by O, and defined by a set of inequalities.

O := {(x, y) : op1x + op2y ≤ rp, p = 1, . . . ,R
}

, (7)

where R is the number of linear constraints needed to define
an obstacle. A moving threat is described by the same kind of
inequality (7) with rp being a time-dependent vector. As dis-
cussed in [15], in order to ensure that the robot stays outside
the obstacle, at least one of the constraints that describe the
obstacle is violated, that is,

(x, y) /∈ O ⇐⇒ (x, y) ∈ Ca, (8)

where

Ca :=
{

(x, y) : if op1x + op2y ≤ rp, then πp = 1;

else πp = 0,
R∑

p=1

πp ≤ R− 1,∀p = 1, . . . ,R

}
.

(9)

In (9), πp ∈ {0, 1} is a logical variable such that if a state-
ment is true (or false), πp = 1 (or 0). So (9) is a noncon-
vex constraint and generally hard to solve. MILP allows the
encoding of logical rules, decisions, and constraints into the
optimization problem [15]. This capability of MILP makes
it possible to incorporate nonconvex constraints (9) into the
problem formulation. Now, we can formulate the optimiza-
tion problem as follows to regenerate the reference trajectory
in the presence of obstacles. Without loss of generality, robot
1 is taken to be the leader robot associated with the tracking
cost.

Problem 3. In a team ofNa robots, given the nominal (Δβj1 =
0, j = 1, 2) dynamic model (1) of the leader robot 1, the ac-
tual and desired states ξd,start and ξd,end find the control vector
ud which takes the leader robot from ξd,start to ξd,end through
the same step as moving along original trajectory while sat-
isfying some constraints, that is,

min
ud(·)

M∑

k=1

uTd (k)ud(k), (10)

with ud(k) = [u1d(k),u2d(k)]T , subject to

Uz = 0, (11a)
(
xd(k), yd(k)

) ∈ Ca, (11b)
(
xid(k), yid(k)

) ∈ Ca, (11c)
∣∣ujd

∣∣ ≤ uj1,max, j = 1, 2, (11d)

k = 1, . . . ,M, i = 2, . . . ,Na, (11e)

where the vector z contains the values of the state and the
control vector at discrete time points:

z = [ξTd (1),uTd (1), . . . , ξTd (M),uTd (M)
]T ∈ R7M×1,

ξd(k)=[xd(k), yd(k),φd(k), vd(k),ωd(k)
]T

, k=1, 2, . . . ,M,
(12)

ξd(1) = ξd,start, ξd(M) = ξd,end, and xid, yid are the positions
of the other robots that satisfy the desired formation in the
team.

Moreover,

U =

⎛
⎜⎜⎜⎜⎜⎜⎝

G
C(1) G 0

C(2) G
. . .

. . .
0 C(M − 1) G

⎞
⎟⎟⎟⎟⎟⎟⎠
∈ RM(7×7), (13)

with

G =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

C( j)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 −T cos
(
φd( j)

)
0 0 0

0 −1 0 −T sin
(
φd( j)

)
0 0 0

0 0 −1 0 −T 0 0
0 0 0 −1 0 −Tβ11 0
0 0 0 0 −1 0 −Tβ21
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

j = 1, . . . ,M − 1.
(14)
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Remark 1. Equations (11b) and (11c) are nonconvex con-
straints, which makes the optimization problem hard to solve
using general optimization techniques. Fortunately, current
MILP solvers (e.g., CPLEX, GLPK) can handle nonconvex
constraints reasonably well.

Remark 2. In Problem 3, minimization of the objective func-
tion which is a quadratic function of ud indicates to minimize
the control effort or energy while moving. The equality con-
straint (11a) contains the state equation (1) for robot 1 after
discretization. The inequality constraint (11b) ensures that
the reference trajectory stays outside the obstacle, and (11c)
ensures that other robots that satisfy the desired formation
in the team avoid the obstacle safely.

Remark 3. In Problem 3, the equilibrium of the formation is
known a prior. So, the individual robots in the team have
predetermined geometric relationships with respect to the
leader and each other. We can define the equilibrium of the
formation in several ways. For instance, we can take a robot
to be the leader (real or virtual) and the equilibrium is given
in terms of distance of each robot from the leader. It is also
possible to formulate the equilibrium by using relative dis-
tance between robots.

By solving the optimization problem above, the sys-
tem can find a collision-free path through the environment
with obstacles. After we get the discrete path sequences, the
smooth reference trajectory of the team can be produced.
For the sake of simplicity, the problem is formulated with
the presence of one static obstacle; however, it could be easily
extended to multiple static or moving obstacles.

4. DISTRIBUTED MOVING HORIZON TRACKING
CONTROL SCHEME

In this section, we assume that the reference trajectory of
the mobile robots can be computed using the algorithm in
Section 3. Now, corrective strategies are required to keep the
robots tracking the reference trajectory in formation.

4.1. Formation control objective

Before giving our results, we review some notions in graph
theory. In a team of Na robots, we associate the ith robot
to the ith node of the graph. For a graph Ψ = (τ, ε),
τ = {1, 2, . . . ,Na} is the set of robots and ε ⊂ τ × τ is the
set of relative vectors between robots. Each edge is denoted
(τi, τj) ∈ ε where i, j ∈ τ. Two mobile robots are called
neighbors if (τi, τj) ∈ ε. The set of neighbors of robot i is
denoted by Ni ∈ τ.

Without loss of generality, robot 1 is taken to be the
leader associated with the tracking cost. Given an admissi-
ble formation graph Ψ = (τ, ε0) and a reference trajectory
ξd, the formation vector F = ( f1, . . . , fm+1)T ∈ R2(m+1) has
components fi ∈ R2 defined as follows [13]:

fl = ηi − ηj + di j , ∀l = 1, . . . ,m,

fm+1 = η1,
(15)

where i, j are the nodes of lth element of ε0 and di j is the
desired relative vector between any two neighbors i and j.

Note that when F ≡ 0, the robots will be keeping for-
mation. By concatenating the states into vectors as η =
(ηT1 , . . . ,ηTNa

)T , we can write the mapping from η to F as F =
Dη + d̂, where D is a matrix that is related with the geomet-

ric configuration of the formation and d̂ = (. . . ,di j , . . . , 0).
From the definition of the formation vector, we know that
Dηc = −d̂, in which ηc is the desired equilibrium state. Then,
the integrated cost function relevant for multirobot forma-
tion tracking is defined as

H
(
e,ue,w

) =
∑

(τi ,τj )∈ε0

q1
∥∥ηi − ηj + di j

∥∥2

+ q2‖σ‖2 + q3
∥∥ue

∥∥2
+ q1

∥∥η1
∥∥2 − γ2r‖w‖2,

(16)

where e = (eT1 , . . . , eTNa
)T , σ = (σT1 , . . . , σTNa

)T , ue = (uTe1, . . . ,
uTeNa

)T , w = (wT
1 , . . . ,wT

Na
)T .

We can write (16) in the following form

H
(
e,ue,w

) = ∥∥e − ec∥∥2
Qf

+ q3
∥∥ue

∥∥2 − γ2r‖w‖2, (17)

where

Qf =
(
q1DTD 0

0 q2I

)
, ec = (ηcT , 0

)T
. (18)

To reduce (17) to the standard form, we define a shift
state ẽi(k) = ei(k) − eci and a shift input ũei(k) = uei(k) −
ucei, in which eci = Ai(θi)eci + B2iu

c
ei. Then the dynamic model

becomes

ẽi(k + 1) = Ai
(
θi
)
ẽi(k) + B2iũei(k) + B1iw̃i(k),

∣∣ũlei(k)
∣∣ ≤ ũlei,max, l = 1, 2.

(19)

Component-wise peak bounds on the control signal
uei(k) can be translated to constraints on ũei(k) as follows

−uei,max ≤ uei ≤ uei,max,

⇐⇒ −uei,max ≤ ũei + ucei ≤ uei,max,

⇐⇒ −uei,max − ucei ≤ ũei ≤ uei,max − ucei.
(20)

Then the cost function (17) can be rewritten as

H
(
ẽ, ũe, w̃

) = ‖ẽ‖2
Qf

+ q3
∥∥ũe

∥∥2 − γ2r‖w̃‖2, (21)

where ẽ = (ẽ T1 , . . . , ẽ TNa
)T , ũe = (ũTe1, . . . , ũTeNa

)T , w̃ = w =
(wT

1 , . . . ,wT
Na

)T . And the system for which the stability is to
be guaranteed is as follows:

ẽ(k + 1) = A(θ)ẽ(k) + B2ũe(k) + B1w̃(k),

z̃(k) = [(Q1/2
f ẽ(k)

)T
, q1/2

3 ũTe (k)
]T

,
(22)

where A = diag(A1, . . . ,ANa), B1 = diag(B11, . . . ,B1Na), B2 =
diag(B21, . . . ,B2Na), and θ = [θ1, . . . , θNa].
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4.2. Distributed optimal control problems

In this subsection, Na distributed optimal control problems
and a corresponding moving horizon control algorithm are
stated.

Problem 4. For each robot i = 1, . . . ,Na and at each update
time k, given the current state ẽi(k), ẽ j(k), solve the following
optimization problem:

min
ũei(k|k)

max
w̃i(k)

Ji
(
ẽi(k), ẽ j(k), ũei(k | k), w̃i(k)

)
, (23)

where

Ji
(
ẽi(k), ẽ j(k), ũei(k | k), w̃i(k)

)

= Hi
(
ẽi(k), ẽ j(k), ũei(k | k), w̃i(k)

)
+
∥∥ẽi(k + 1 | k)

∥∥2
Pi

Hi
(
ẽi, ẽ j , ũei, w̃i

) = Ĥi
(
ẽi, ẽ j

)
+ q3

∥∥ũei
∥∥2 − γ2r

∥∥w̃i

∥∥2
,

Ĥi
(
ẽi, ẽ j

) =
∑

j∈Ni

q1

2

∥∥η̃i − η̃ j
∥∥2

+ q2
∥∥σ̃i
∥∥2

+ Li,

Li =
⎧⎨
⎩
q1
∥∥η̃1

∥∥2
, i = 1,

0, else,

(24)

subject to the LPV model (19), and Pi = PTi > 0 satisfies

Pi ≥ Qi + q3K
T
i Ki

+
(
Ai + B2iKi

)T(
P−1
i − γ−2r−1B1iB

T
1i

)−1(
Ai + B2iKi

)
,

(25)

with Q := diag(Q1, . . . ,QNa) ≥ Qf and Ki > 0.

Note that
∑Na

i=1 Hi(ẽi, ẽ j , ũei, w̃i) = H(ẽ, ũe, w̃). If an edge
(τi, τj) connecting the ith and jth node is present, the cost
of the optimization problem will have a component which
is a function of both ẽi and ẽ j . In the optimization problem
above, the constraints and objectives are explicit, making it
possible to incorporate important features directly into the
online computation. That is the reason that we apply mov-
ing horizon control to formation control of multiple mobile
robots.

Lemma 1. Problem 4 can be solved by the following semidefi-
nite programming:

min
α1i,α2i,ũei(k|k),Zi,Yi

α1i + α2i, (26)

subject to

⎛
⎝ α1i − Ĥi(k) ∗
q1/2

3 ũei(k | k) I

⎞
⎠ ≥ 0, (27a)

(
1 ∗

Ai
(
θi
)
ẽi(k) + B2iũei(k | k) Zi − α2iγ−2r−1B1iB

T
1i

)
≥ 0,

(27b)
(

rα2i ∗
γ−1α2iB1i Zi

)
> 0, (27c)

⎛
⎜⎜⎜⎜⎜⎜⎝

Zi ∗ ∗ ∗
Ai,nZi + B2iYi Zi − α2iγ−2r−1B1iB

T
1i ∗ ∗

Q1/2
i Zi 0 I ∗

q1/2
3 Yi 0 0 I

⎞
⎟⎟⎟⎟⎟⎟⎠
≥ 0,

n = 1, 2, . . . ,L,
(27d)

(
ũei(k | k)− ũei,max

−ũei,max − ũei(k | k)

)
≤ 0, (27e)

where Zi = α2iP
−1
i .

Proof. First, we will find the worst disturbance that maxi-
mizes the cost function Ji(k). Since ẽi(k + 1) = Ai(θi)ẽi(k) +
B2iũei(k) + B1iw̃i(k), we have

Ji(k) = Ĥi
(
ẽi(k), ẽ j(k)

)
+ q3

∥∥ũei(k)
∥∥2 − γ2r

∥∥w̃i(k)
∥∥2

+
∥∥Ai

(
θi
)
ẽi(k) + B2iũei(k) + B1iw̃i(k)

∥∥2
Pi

= w̃T
i (k)

[− γ2rI + BT1iPiB1i
]
w̃i(k)

+
[
Ai
(
θi
)
ẽi(k) + B2iũei(k)

]T
PiB1iw̃i(k)

+ w̃T
i (k)BT1iPi

[
Ai
(
θi
)
ẽi(k) + B2iũei(k)

]

+
[
Ai
(
θi
)
ẽi(k)+B2iũei(k)

]T
Pi
[
Ai
(
θi
)
ẽi(k)+B2iũei(k)

]

+ Ĥi
(
ẽi(k), ẽ j(k)

)
+ q3ũ

T
ei(k)ũei(k).

(28)

From (28), we obtain the worst disturbance that maxi-
mizes Ji(k),

w̃∗i (k)

= γ−2[rI − γ−2BT1iPiB1i
]−1

BT1iPi
[
Ai
(
θi
)
ẽi(k) + B2iũei(k)

]
,

rI − γ−2BT1iPiB1i > 0.
(29)

The corresponding worst value of the cost function
Jwst
i (k) = Ji(k)|w̃i(k)=w̃∗i (k) is derived. Thus min/maximization

of Ji(k) can be converted to minimization of the worst-case
value of the cost function Jwst

i , which is equivalent to

min
ũei(k|k),Pi ,α1i,α2i

α1i + α2i (30)
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subject to

Ĥi(k)
(
ẽi(k), ẽ j(k)

)
+ q3ũ

T
ei(k | k)ũei(k | k) ≤ α1i (31a)

− γ2rw̃T
i (k)w̃i(k)

∣∣
w̃i=w̃∗i

+
(
Ai
(
θi
)
ẽi(k) + B2iũei(k) + B1iw̃i(k)

)T

× Pi
(
Ai
(
θi
)
ẽi(k) + B2iũei(k) + B1iw̃i(k)

)∣∣
w̃i=w̃∗i ≤ α2i

(31b)

rI − γ−2BT1iPiB1i > 0. (31c)

By using Schur complements and defining Zi = α2iP
−1
i ,

we can convert (31a), (31b), and (31c) to the LMI forms
(27a), (27b), and (27c). And inequality (25) can be expressed
as LMI form (27d) by substituting Pi = α2iZ

−1
i and Ki =

YiZ
−1
i .

In the optimization problem, θi and ẽi(k) are the mea-
sured parameter and state, respectively. Optimization deter-
mines the first move ũei(k | k) that gets implemented.

Then, the distributed control law is

ũ∗e (k | k) = (ũ∗e1(k | k)T , . . . , ũ∗eNa
(k | k)T

)T
. (32)

Remark 4. In the optimization problem above, the worst-
case disturbance is computed as a function of current state
and control input, and substituted in the min-max formula-
tion. So the optimization problem can be easily solved using
LMI technique. In the framework of LMI optimization, the
suggested formation control law is consequently formulated
as online solving the constrained optimization problems at
each sampling time, updated with the actual state and model
parameters. Although the proposed scheme cannot consider
more than one horizon, however, it can guarantee closed-
loop stability directly.

Remark 5. The control inputs can be split into two parts
ũei(k | k), ũei(k + h | k), h ≥ 1, where ũei(k | k) is the first
computed move that gets implemented. Since ũei(k | k) is a
free decision variable, control on ũei(k | k) can be imposed
directly. To improve conservatism, we relax the future con-
straints and bound only the implemented control input.

4.3. Stability analysis

Now we will proceed with analyzing the distributed moving
horizon control laws.

Theorem 1. Suppose that optimization problem (26) subject
to (27) admits an (almost) optimal solution; then the system
(22) with the moving horizon control law (32) is asymptotically
stable for vanishing disturbance. Moreover,

∞∑

k=0

∥∥z̃(k)
∥∥2 − γ2r

∞∑

k=0

∥∥w̃(k)
∥∥2 ≤ J∗Σ (0), (33)

where JΣ(k) =∑Na
i=1 Ji(ẽi(k), ẽ j(k), ũei(k), w̃i(k)).

Proof. At any time k, the sum of the distributed optimal value
functions is denoted as

J∗Σ (k) =
Na∑

i=1

J∗i
(
ẽi(k), ẽ j(k), ũ∗ei(k | k), w̃∗i (k)

)

=
Na∑

i=1

Hi
(
ẽi(k), ẽ j(k), ũ∗ei(k | k), w̃∗i (k)

)

+
Na∑

i=1

∥∥ẽ∗i (k + 1 | k)
∥∥2
P∗i (k).

(34)

Applying the optimal control (32), we are now at time
k + 1. Suppose that the feasible control for the optimization

problem of each robot is denoted by ̂̃uei(·), and the state tra-
jectory corresponding to the feasible control is denoted by
̂̃ei(·). Then, we have for any robot i = 1, . . . ,Na,

J∗i (k + 1)

= Hi
(
ẽi(k + 1), ẽ j(k + 1), ũ∗ei (k + 1 | k + 1), w̃∗i (k + 1)

)

+
∥∥ẽ∗i (k + 2 | k + 1)

∥∥2
P∗i (k+1)

≤ Hi
(
ẽi(k + 1), ẽ j(k + 1), ̂̃uei(k + 1 | k + 1), w̃∗i (k + 1)

)

+
∥∥̂̃ei(k + 2 | k + 1)

∥∥2
P∗i (k+1).

(35)

Since J∗i (k+ 1) ≤ Ji(k+ 1)|P∗i (k), in which Ji(k+ 1)|P∗i (k) =
Hi(ẽi(k+1), ẽ j(k+1), ũ∗ei(k+1 | k+1), w̃∗i (k+1))+‖ẽ∗i (k+2 |
k + 1)‖2

P∗i (k), we obtain

J∗i (k + 1)

≤ Hi
(
ẽi(k + 1), ẽ j(k + 1), ̂̃uei(k + 1 | k + 1), w̃∗i (k + 1)

)

+
∥∥̂̃ei
(
k + 2 | k + 1

)∥∥2
P∗i (k).

(36)

Summing over i, we can upper bound J∗Σ (k+1), and com-
paring to J∗Σ (k), we have

J∗Σ (k + 1)− J∗Σ (k)

≤
Na∑

i=1

Hi
(
ẽi(k + 1), ẽ j(k + 1), ̂̃uei

(
k + 1 | k + 1

)
, w̃∗i (k + 1)

)

+
Na∑

i=1

∥∥̂̃ei
(
k + 2 | k + 1

)∥∥2
P∗i (k)

−
Na∑

i=1

Hi
(
ẽi(k), ẽ j(k), ũ∗ei(k | k), w̃∗i (k)

)

−
Na∑

i=1

∥∥ẽ∗i (k + 1 | k)
∥∥2
P∗i (k).

(37)
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By using J∗i (ẽi(k), ẽ j(k), ũ∗ei(k | k), w̃∗i (k)) ≥ Ji(ẽi(k),
ẽ j(k), ũ∗ei(k | k), w̃i(k)), inequality (37) becomes

J∗Σ (k + 1)− J∗Σ (k)

≤
Na∑

i=1

Hi
(
ẽi(k + 1), ẽ j(k + 1), ̂̃uei(k + 1 | k + 1), w̃∗i (k + 1)

)

+
Na∑

i=1

∥∥̂̃ei(k + 2 | k + 1)
∥∥2
P∗i (k)

−
Na∑

i=1

Hi
(
ẽi(k), ẽ j(k), ũ∗ei(k | k), w̃i(k)

)

−
Na∑

i=1

∥∥ẽi(k + 1 | k)
∥∥2
P∗i (k).

(38)

Note that ẽi(k + 1 | k) = Ai(θi)ẽi(k) + B2iũ
∗
ei(k) + B1iw̃i(k) =

ẽi(k + 1).
At time k+1, a feasible control for the optimization prob-

lem is equal to the optimal values computed at time k, that

is, ̂̃uei(k + l | k + 1) = ũei(k + l | k) = Ki(k)ẽi(k + l | k), l ≥ 1,
where Ki = YiZ

−1
i .

Since w̃∗i (k + 1) = γ−2[rI − γ−2BT1iP
∗
i (k)B1i]−1BT1iP

∗
i (k)

× [Ai(θi)ẽi(k + 1) + B2iũei(k + 1 | k + 1)], and by (27d), we
observe that

Na∑

i=1

∥∥̂̃ei(k + 2 | k + 1)
∥∥2
P∗i (k) −

Na∑

i=1

∥∥ẽi(k + 1 | k)
∥∥2
P∗i (k)

=
Na∑

i=1

(∥∥̂̃ei(k + 2 | k + 1)
∥∥2
P∗i (k) −

∥∥ẽi(k + 1)
∥∥2
P∗i (k)

)

≤
Na∑

i=1

(− ∥∥ẽi(k + 1)
∥∥2
Qi
− q3

∥∥̂̃uei(k + 1 | k + 1)
∥∥2

+ γ2r
∥∥w̃∗i (k + 1)

∥∥2)

= −∥∥ẽ(k + 1)
∥∥2
Q − q3

∥∥̂̃ue(k + 1 | k + 1)
∥∥2

+ γ2r
∥∥w̃∗(k + 1)

∥∥2
.

(39)

From (21), we have

Na∑

i=1

Hi
(
ẽi(k + 1), ẽ j(k + 1), ̂̃uei(k + 1 | k + 1), w̃∗i (k + 1)

)

= ∥∥ẽ(k + 1)
∥∥2
Qf

+ q3
∥∥̂̃ue(k + 1 | k + 1)

∥∥2

− γ2r
∥∥w̃∗(k + 1)

∥∥2
.

(40)

Now from Q > Qf , we can write

J∗Σ (k + 1)− J∗Σ (k)

≤ −
Na∑

i=1

Hi
(
ẽi(k), ẽ j(k), ũ∗ei(k | k), w̃i(k)

)

= −(∥∥ẽ(k)
∥∥2
Qf

+ q3
∥∥ũ∗e (k | k)

∥∥2 − γ2r
∥∥ω̃(k)

∥∥2)

= −∥∥z̃(k)
∥∥2

+ γ2r
∥∥w̃(k)

∥∥2
.

(41)

Then, it is straightforward that the moving horizon con-
trol scheme guarantees the H∞ norm bound (33) and the
asymptotical stability.

For the implementation of the proposed trajectory gen-
eration strategy and formation control method, we give an
algorithm as follows.

Step 1. For a team ofNa robots, define an orientation of setΨ
and a desired reference trajectory in the absence of obstacles.

Step 2. At time k = 0, get the initial state ẽi(0), the states
of all its neighbors ẽ j(0), j ∈ Ni, and the polytopic model
Ωi(0). For each robot i, solve (26) subject to (27), and find
the optimal solutions ũ∗ei(0). By exploiting (32), obtain ũ∗e (0)
and apply it to the system.

Step 3. At any time k > 0, update the optimization prob-
lem with current states ẽi(k), ẽ j(k), and the actual polytopic
model Ωi(k).

Step 4. If the team is in the safe zone, go to the next step.
Otherwise, generate a new reference trajectory online as pro-
posed in Section 3. Solve problem (10) subject to (11) and
obtain the new trajectory. Then, go to the next step.

Step 5. Solve optimization problem (26) subject to (27) for
each robot i, yielding u∗ei(k). Then by exploiting (32), obtain
u∗e (k) and apply it to the system.

Step 6. Set k = k + 1 and return Step 3 at the next sampling
time.

5. SIMULATION RESULTS

This section presents the results of numerical simulations
demonstrating the applications of the obstacle-avoidance
technique by using Matlab and CPLEX. The interface
available in [22] is used to run CPLEX from Matlab. The
dynamics of mobile robots is described in Section 2 and the
physical parameters in the model are given as m = 80 kg,
I = 2 kg · m, b = 0.075 m, l = 0.325 m, u1,max = 2 N · m,
u2,max = 1 N ·m, Δβ1,max = 0.1β1, Δβ2,max = 0.1β2.

Example 1. In this example, a simulation of three-mobile-
robot formation with obstacle avoidance of a static obstacle
is presented. We consider a simple case involving a team of
three mobile robots. The dimension of the position vector for
all mobile robots is two. The predesired reference trajectory
is ξd = (t−50, 0, 0, 1, 0), t ≥ 0. The vector formation graph is
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Figure 1: Position trajectories of the robots (robot 1:+; robot 2: �;
robot 3:◦).

defined by τ = 1, 2, 3 and ε = (1, 2), (1, 3). The relative vector
is defined as d12 = (−2, 1), d13 = (−2,−1). In the distributed
moving horizon implementations, the sampling time is cho-
sen as T = 0.5 s, which implies that the optimization prob-
lem is solved at each 0.5 second, updated with the actual state
and the actual model. The following weighting parameter
values are consistent in the implementation: q1 = 2, q2 = 1,
q3 = 1, r = 1, and γ = 1.2. And the matrixD for this example
is

D =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 −1 0 0 0
0 1 0 −1 0 0
1 0 0 0 −1 0
0 1 0 0 0 −1
0 0 0 0 1 0
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (42)

Correspondingly,

Qf =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4 0 −2 0 −2 0 0
0 4 0 −2 0 −2 0
−2 0 2 0 0 0 0
0 −2 0 2 0 0 0
−2 0 0 0 4 0 0
0 −2 0 0 0 4 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (43)

Regarding the condition in Problem 4, we choose Qi =
λmax(Qf )I , where λmax(Qf ) ≈ 6.5.

And it is assumed that there is an obstacle described as
follows

O = {(x, y) : x ≤ 1, −x ≤ 1.5, −y ≤ 0
}
. (44)

Apply the implementation algorithm described in
Section 4, and the position trajectories of the mobile robots

Horizontal position (m)

V
er

ti
ca

lp
os

it
io

n
(m

)

20 25 30 35 40 45
−1.5

−1

−0.5

0

0.5

1

1.5

Figure 2: Three-mobile-robot formation (robot 1: +; robot 2: �;
robot 3: ◦).
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moving in formation are shown in Figures 1 and 2. The
symbols along each trajectory mark the points at which the
moving horizon updates occur. Figure 2 is the position tra-
jectories when the formation objective has been met. It is
observed that the mobile robots can avoid the obstacle suc-
cessfully. We can also see that the mobile robots achieve
tracking the reference trajectory, in addition to staying in de-
sired formation. Moreover, the control constraints are guar-
anteed, which is confirmed in Figure 3.

Example 2. In this example, the proposed obstacle-avoidance
technique is examined with the presence of one moving ob-
stacle. The formation graph is defined by τ = 1, 2, 3 and
ε = (1, 2), (1, 3). And the matrices D and Qf for this exam-
ple are the same as in Example 1. The relative vector and the
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Figure 4: Position trajectories of the robots and moving obstacle (robot 1: +; robot 2:�; robot 3: ◦).

parameter values consistent in the implementation are given
as d12 = (0, 1), d13 = (0,−1), T = 0.5 s, q1 = 2, q2 = 1,
q3 = 1, r = 1, γ = 1.2.

The moving obstacle is described as follows:

O(t) = {(x(t), y(t)
)

: x(t) ≤ 0.5,−x(t) ≤ −0.5, y(t)

≤ −0.1(t − 26) + 0.9,−y(t)

≤ 0.1(t − 26) + 0.1
}
.

(45)

By applying the implementation algorithm described in
Section 4, the simulation result in which the mobile robots
encounter a moving obstacle with velocity vobs = 0.1 m/s is
drawn in Figure 4. Sequential plots of the robots movement
are shown as the obstacle moves. The robots depart from
the initial positions and move along the predesired reference
trajectory ξd = (t − 30, 0, 0, 1, 0), t ≥ 0. At time t = 26 s,
the robots encountered the moving obstacle. In this situa-
tion, the robots behave to avoid the obstacle by regenerat-
ing the reference trajectory. As can be seen from the figure,
within the interval t ∈ [26, 32], the robots move forward and
backward to avoid the obstacle. It can be also observed that
the obstacle-avoidance technique is a success for the mobile
robot with moving obstacles.

6. CONCLUSIONS

In this paper, we have discussed robust formation control
problem of multiple mobile robots with parametric uncer-
tainties and actuator saturations in the environment with
obstacles. There are two main results in our work. The first
result concerns the problem of obstacle avoidance. When
the robots tracking along the predefined trajectory find
themselves moving close to the obstacles, a new collision-free
reference trajectory is generated by solving a nonconvex op-
timization problem under general convex obstacle assump-
tion. The second result concerns formation control of mul-
tiple mobile robots with parametric uncertainties and actu-
ator saturations. A distributed moving horizon H∞ control
scheme is proposed. Under the control scheme, the whole
optimization problem is decomposed into a family of sim-
ple optimization problems according to the number of co-
operative robots. Thus, the computational complexity can
be reduced. In addition, closed-loop properties inclusive of
stability and robustness are also guaranteed. Simulation re-
sults validate the proposed approach.
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